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Abstract
In this paper we study the maximal subspaces of continuous n-homoge-
neous polynomials on complex and real non separable Banach spaces.
In the real case we will prove that if P : X → R is a 2-homogeneous
polynomial and if there exist a k-dimensional P -maximal subspace then
every P -maximal subspace is k-dimensional.
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The zero-set of a continuous homogeneous polynomial has been studied by
many authors as we can see in [1, 2, 4]. In particular in [4] the authors show that
for the complex case, every continuous homogeneous polynomial of any degree is
identically zero on an infinite dimensional subspace. In [2] and [6] conditions are
given on a complex Banach space X such that every 2-homogeneous polynomial
P : X → C is identically zero on a non separable subspace.
We recall that an n-homogeneous polynomial on a complex Banach space X
is a mapping P : X → C such that there exists a symmetric n-linear mapping
∨
P : X × X × . . . × X → C with P (x) =
∨
P (x, x, . . . , x) and P will be said to
be continuous if there is a constant k such that P (x) ≤ k||x||n for all x in X .
In this paper all n-homogeneous polynomial considered will be continuous. The
vector space of all continuous n-homogeneous polynomials P : X → C will be
denoted by P(nX). We also observe that a polynomial P ∈ P(nX) will be
said to be a nuclear polynomial if there is a bounded sequence (ϕi) ∈ X
∗ and
(λi) ∈ l1 such that
P (x) =
∞∑
i=1
λiϕi(x)
n for every x ∈ X.
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We start with a simple observation, that if P : X → C is an n-homogeneous
polynomial and H ⊂ X is a 2 dimensional subspace, then there is z ∈ H , z 6= 0
such that P (z) = 0. Indeed if P (y) and P (x) are not zero with x and y in H
independent, then
p(α) = P (x+ αy) =
n∑
j=0
(
n
j
)
αn−j
∨
P (xj , yn−j)
is a complex polynomial and taking α1 one of its roots we have P (x+α1y) = 0.
Definition 1 Let X be a Banach space and P : X → K a non zero n-homogeneous
polynomial . A subspace M $ X will be called P-maximal if P |M = 0 and if
whenever M1 is a subspace such that P |M1 = 0 with M ⊂ M1 ⊂ X, then
M1 =M.
If P : X → K is a non zero n-homogeneous polynomial and M is a subspace
such that P |M = 0 it is simple to get a P-maximal subspace containing M . For
an infinite dimensional complex space we can prove a bit more.
Theorem 2 Let X be an infinite dimensional complex Banach space and
P : X → C be a non zero 2-homogeneous polynomial. If M ⊂ X is a subspace
with P |M = 0, then there is an infinite dimensional P -maximal subspace H such
that M ⊂ H.
Proof. Let S = {N : N is a subspace of X and M ⊂ N and P |N = 0}.
Partially ordering S by inclusion and using Zorn‘s Lemma we obtain a max-
imal element H. It is clear that H 6= {0} and that H is a P -maximal sub-
space. Suppose that H is finite dimensional and let H = [e1, . . . , en]. For each
i = {1, 2, . . . , n}, take ϕi ∈ X
∗ given by ϕi(x) =
∨
P (ei, x). So K = ∩
n
i=1ϕ
−1
i (0)
is an infinite dimensional subspace and M ⊂ K. Now we choose linearly inde-
pendent vectors y and z in K such that M = [e1, e2, . . . , en, y, z] is an (n+2)-
dimensional subspace. If P (y) = 0 or P (z) = 0 we have P |[e1,e2,...,en,y] = 0 or
P |[e1,e2,...,en,z] = 0 respectively, because, for example, P (
∑n
i=1 tiei + tn+1y) =
P (
∑n
i=1 tiei)+2
∨
P (
∑n
i=1 tiei, tn+1y)+P (tn+1y) = 2
∑n
i=1 titn+1
∨
P (ei, y) = 0 for
every t1, t2, . . . , tn, tn+1 ∈ C. That is a contradiction with the maximality of H .
If P (y) and P (z) are non zero we can obtain α ∈ C such that if w = y + αz
we have P (w) = 0 and consequently in that case P |[e1,e2,...,en,w] = 0, and it is
again a contradiction with the maximality of H .
Note that the proof above shows that every P-maximal subspace is an in-
finite dimensional subspace. In the real case we are going to prove that if a
2-homogeneous polynomial has a finite dimensional P-maximal subspace, then
every P-maximal subspace is finite dimensional.
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Corollary 3 Let X be either complex c0 or lp. If P : X → C is a 2-homogeneous
polynomial, then every P-maximal subspace contains an isomorphic subspace
that is complemented in X.
Proof. It is well known that every infinite dimensional subspace of X contains
an isomorphic subspace that is complemented in X .
Theorem 4 Let X be a real Banach space and P : X → R be a 2-homogeneous
polynomial, with k-dimensional P-maximal subspace M . If H ⊂ X is an m-
dimensional subspace such that P |H = 0 then m ≤ k.
Proof. Suppose that there is a (k + 1)-dimensional subspace N ⊂ H . Let
{w1, w2, . . . , wj} be a basis of J =M ∩N and {w1, w2, . . . , wj , wj+1, . . . , wk} be
a basis of M . Since J ⊂ N , there is a (k − j + 1)-dimensional subspace I ⊂ N
such that
N = J ⊕ I. (1)
Now, for each i = {1, 2, . . . , k − j}, take ϕi : I → R given by
ϕi(x) =
∨
P (wj+i, x) (2)
Since dim(I) = k − j + 1 we have dim(∩k−ji=1 ϕ
−1
i (0)) ≥ 1. Thus we can take
w 6= 0 ∈ ∩k−ji=1 ϕ
−1
i (0) and we observe that w /∈ M. Indeed, if w ∈ M we have
w ∈ J and consequently w ∈ J ∩ I, a contradiction by [1]. Now note that by [2]
∨
P (wj+i, w) = 0 for every i = 1, 2, . . . , k − j. Since w ∈ N and P |N = 0 we also
have
∨
P (wi, w) = 0 for every i = 1, 2, . . . , j. Therefore P |M⊕[w] = 0 but that is
a contradiction to the maximality of M .
Corollary 5 Let X be a real Banach space and P : X → R be a 2-homogeneous
polynomial. If P is identically zero on an infinite dimensional subspace, then
every P-maximal subspace is infinite dimensional.
Example 6 For each natural number k let Pk : l2 → R be given by
Pk(x(i)) = −
k∑
i=1
x(i)2 +
∞∑
i=k+1
x(i)2 (3)
For every j = 1, 2, . . . , k let xj ∈ l2 be given by
xj(i) =
{
1 if i = j or i = j + k,
0 otherwise.
It is clear thatMk = [x1, x2, . . . , xk] is a k-dimensional subspace and P |Mk =
0. We claim that Mk is a Pk-maximal subspace. Suppose y = y(i) ∈ l2 such
that Pk|Mk+[y] = 0. Note that
∨
Pk(xj , y) = −
k∑
i=1
xj(i)y(i) +
∞∑
i=k+1
xj(i)y(i) = −y(j) + y(j + k) (4)
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Since
∨
Pk(xj , y) = 0 we obtain y(i) = y(i + k) for every i = 1, 2, . . . , k. We also
have
Pk(y(i)) = −
k∑
i=1
y(i)2 +
2k∑
i=k+1
y(i)2 +
∞∑
i=2k+1
y(i)2 =
∞∑
i=2k+1
y(i)2 (5)
Since Pk(y) = 0 we obtain y(i) = 0 for every i > 2k and so y =
∑k
j=1 y(j)xj ∈
Mk.
As a consequence of the last theorem we get that every Pk-maximal subspace
is a k-dimensional subspace.
Remark 7 It is easy to see that the Theorem 2 does not hold in the real case
when n is even. In the general case, when n is odd, the best result is shown in
[?], that is, if X is an real infinite dimensional Banach space and P : X → R
is an n-homogeneous polynomial, then for each natural number k there exist a
k-dimensional subspace Mk such that P |Mk = 0. Nevertheless it is shown in
[?] that in every real separable Banach space X there exists an n-homogeneous
polynomial P (n > 1 arbitrary odd number) such that P is not identically zero
on M if M ⊂ X is an infinite dimensional subspace.
We now provide an example to show that for n-homogeneous polynomials
(n ≥ 3) the previous theorem does not hold.
Example 8 Take X = l2 the standard real space. For each natural number k
we define the n-homogeneous polynomial Pk : l2 → R given by
Pk(x) = x(1)
n−2
∞∑
i=k+1
x(i)2. (6)
It is clear that M = {x ∈ l2; x(1) = 0} is a 1-codimensional Pk-maximal
subspace. We will prove that
Mk = {x ∈ l2; x(i) = 0 if i > k} (7)
is a Pk-maximal subspace and consequently for each Pk there are only two Pk-
maximal subspaces, one 1-codimensional and the other k-dimensional. Suppose
y ∈ l2 such that Pk|Mk⊕[y] = 0. Since Pk(y) = 0 and y /∈Mk we have y(1) = 0.
Now, let x ∈ l2 given by x(1) = 1 and x(i) = 0 if i > 1. Thus, since x ∈ Mk
we have Pk(x + y) = 0, that is, (x + y)(1) = 0 or
∑∞
i=k+1(x + y)(i)
2 = 0. As
(x+ y)(1) = 1 we must have
∑∞
i=k+1(x+ y)(i)
2 and so y(i) = 0 for every i > k
and that implies y ∈Mk, a contradiction.
It is important to observe that in the proof of theorem, we know the size of
∩ki=1ϕ
−1
i (0). This motivates the following definition ( cf [2] ).
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Definition 9 A Banach space X is said to have the nontrivial intersection
property ( X has the NIP ) if for every countable family {ϕi} ∈ X
∗ we have
∩∞i=1ϕ
−1
i (0) 6= {0}.
Remark 10 It is simple, by the Hahn-Banach theorem to show that if X is
a separable space then there exists a countable family {ϕi} ∈ X
∗ such that
∩∞i=1ϕ
−1
i (0) = {0} and consequently if X has the NIP we have X is a non
separable space.
Proposition 11 Let X be a non separable Banach space. Then X has the NIP
if and only if for every countable family {ϕi}⊂X
∗, we have ∩∞i=1ϕ
−1
i (0) is a non
separable subspace.
Proof. It is a simple consequence of the previous remark.
Proposition 12 Let X be a non separable real Banach space. The following
assertions are equivalent:
(i) X has the NIP
(ii) For every nuclear polynomial P ∈ P(2X) there is an xP 6= 0 in X such
that P (xP ) = 0
(iii) For every nuclear polynomial P ∈ P(2X) there is a non separable sub-
space M ⊂ X such that P |M = 0.
(iv) If P ∈ P(2X) is a nuclear polynomial then every P-maximal subspace
is an infinite dimensional subspace.
Proof.
(i)⇒(ii) Let P (x) =
∑∞
i=1 λiϕi(x)
2 with (λi) ∈ l1 and (ϕi) ∈ X
∗ a bounded
sequence. Since X has the NIP, we have ∩∞i=1ϕ
−1
i (0) 6= {0}; that is, there is
xP 6= 0 such that ϕi(xP ) = 0 for every i = 1, 2, . . . and so P (xP ) = 0.
(ii)⇒(iii) If P (x) =
∑∞
i=1 λiϕi(x)
2 is a nuclear polynomial, letQ(x) ∈ P(2X)
be given by Q(x) =
∑∞
i=1
ϕi(x)
2
i2‖ϕi‖
. Since Q is a nuclear polynomial there is
xQ ∈ X\{0} such that Q(xQ) = 0; that is, xQ ∈ ∩
∞
i=1ϕ
−1
i (0) and by the
previous proposition we have ∩∞i=1ϕ
−1
i (0) is a non separable subspace and the
result follows.
(iii)⇒(iv) It is enough to note that if P ∈ P(2X)is a nuclear polynomial
and M is a finite dimensional subspace, by the Theorem [4] every P -maximal
subspace is finite dimensional.
(iv)⇒(i) Let {ϕi} a countable family in X
∗ and define P : X → R by
P (x) =
∞∑
i=1
ϕi(x)
2
i2‖ϕi‖
.
Thus P is a nuclear polynomial and there exists an infinite dimensional subspace
M such that P |M = 0 and since M ⊂ ∩
∞
i=1ϕ
−1
i (0) we have ∩
∞
i=1ϕ
−1
i (0) 6= 0.
In [1] the following theorem is proved.
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Theorem 13 Let X be a real non separable space that has the NIP and P ∈
P(2X). Then there exists an infinite dimensional subspace M such that P |M =
0.
Corollary 14 Let X be a real non separable space that has the NIP and P ∈
P(2X). Then every P-maximal subspace is infinite dimensional.
Proof. Easy consequence of Theorems 4 and 13.
For the complex case, using the same argument as Theorem 2, we can obtain
non separable maximal subspaces.
Proposition 15 Let X be a complex non separable space and let P : X → C
be a 2 homogeneous polynomial. Suppose that X has the NIP. Then every P-
maximal subspace is non separable.
Remark 16 Now we observe that if X is a Banach space and M is a closed
subspace, since (X/M)∗ is isometric to M⊥ we have X/M has the NIP if and
only if for every countable family {ϕi} in X
∗ with ϕi|M = 0 there exists x /∈M
such that x ∈ ∩∞i=1ϕ
−1
i (0); that is, we have ∩
∞
i=1ϕ
−1
i (0) is a non separable
subspace. As we know this is the case for l∞ and c0 ( cf [3, page 61] ) we
have l∞/c0 has the NIP and consequently if P : l∞/c0 → K is a 2-homogeneous
polynomial, in the real case we have every P -maximal subspace is an infinite
dimensional subspace and in the complex case there exists a non separable P -
maximal subspace.
We now recall that in [5, page 58] the following result is shown.
Lemma 17 Let (yn) be a sequence in l∞ and constants C1 and C2 such that
C1 sup
i
|λi| ≤ ‖
∞∑
i=1
λiyi‖ ≤ C2 sup
i
|λi|
for every scalar sequence (λi) with limλi = 0. Then there is a subsequence (ynk)
of (yn) such that for every (λk) ∈ l∞ we have
(C1/2) sup
k
|λk| ≤ ‖
∞∑
k=1
λkynk‖ ≤ C2 sup
k
|λk|
Theorem 18 Let M ⊂ l∞ be a subspace isomorphic to c0. Then there exists a
subspace N ⊂ M , and a subspace H ⊂ l∞ containing N , and an isomorphism
T : l∞ → H such that T |c0 : c0 → N is an isomorphism. Moreover H/N has
the NIP.
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Proof. Using the previous lemma we can get a sequence (yk) inM and constants
C1 and C2 such that
C1 sup |λk| ≤ sup
i
|
∞∑
k=1
λkyk(i)| ≤ C2 sup |λk| if (λk) ∈ l∞
Now define
H = {
∞∑
k=1
λkyk; (λk) ∈ l∞} , N = span{yk}
and
T : l∞ → H by T (λk) =
∞∑
k=1
λkyk.
Suppose {ϕi} ⊂ H
∗ with ϕi|N = 0. Then ψi = ϕi ◦ T ∈ l
∗
∞ and ψi|c0 = 0.
Thus there is x ∈ l∞\c0 such that x ∈ ∩
∞
i=1ψ
−1
i (0). Consequently T (x) /∈ N
and T (x) ∈ ∩∞i=1ϕ
−1
i (0). Now the results follow from Remark 16.
To prove the main result of this paper we need the following lemma.
Lemma 19 Let X be a complex Banach space and P : X → C a 2-homogeneous
polynomial. Suppose that M is a separable P-maximal subspace. Then there
exists a countable family {ϕi} in X
∗ such that M = ∩∞i=1ϕ
−1
i (0).
Proof. Let {x1, x2, . . .} be a countable set such that M = {x1, x2, . . .}. Thus if
∨
P is the symmetric bilinear form associated to P it is clear thatM ⊂ ∩∞i=1ϕ
−1
i (0)
where ϕi ∈ X
∗ is defined by
ϕi(x) =
∨
P (xi, x) for i = 1, 2, . . .
Since M is a P-maximal subspace we have M = ∩∞i=1ϕ
−1
i (0) or there exist
y ∈ X such that ∩∞i=1ϕ
−1
i (0) =M ⊕ [y]. If ∩
∞
i=1ϕ
−1
i (0) =M ⊕ [y] by the Hahn-
Banach theorem we may get ϕ0 ∈ X
∗ such that ϕ0|M = 0 and ϕ0(y) = 1 and
so M = ∩∞i=0ϕ
−1
i (0).
We observe that this lemma is not true in the real case.
Theorem 20 Let P : l∞ → C be a 2-homogeneous polynomial. Then there
exist a non separable P-maximal subspace.
Proof. From theorem 2 there exist an infinite dimensional subspaceM ⊂ c0
such that P |M = 0. Since M contains a subspace N which is isomorphic to c0
using the previous theorem we can get subspaces N1 ⊂ N and H ⊂ l∞ such
that N1 ⊂ H , N1 being isomorphic to c0 and H being isomorphic to l∞ and
H/N1 has the NIP. Let M be a P-maximal subspace containing N1. If M
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is a separable subspace, then by lemma 19 there exist a countable family of
functional {ϕi} such that
N1 ⊂ ∩
∞
i=1ϕ
−1
i (0) =M
a contradiction with to the Remark 16 because H/N1 has the NIP.
First, by N we indicate the set {1, 2, . . .} and by N0 we indicate the set
{0, 1, 2, . . .}. Given n, j and k ≥ 2 in N we define δn,j,k= cardinality of the set
{(i1, i2, . . . , ik−1) ∈ N0k−1 with
∑k−1
h=1 ih = n − j} and it is clear that δn,j,k >
δn,j,k−1. With these notations we have the following theorem.
Theorem 21 Let f : N→ N be a function having the following three properties:
1) f(1) = 2
2) f(m) > f(n) for every m > n in N.
3) For every complex f(k)-dimensional vector space X and ϕ ∈ X∗ there
exists a k-dimensional subspace H ⊂ X such that ϕ|H = 0.
Let f1, f2, . . . : N→ N be the sequence of functions given by
f1 = f
f2(1) = 2 and f2(k) = k − 1 + (f1 ◦ f1 ◦ . . . ◦ f1︸ ︷︷ ︸
δ2,1,k times
)(2) if k ≥ 2
f3(1) = 2 and f3(k) = k − 1 + (f2 ◦ f2 ◦ . . . ◦ f2︸ ︷︷ ︸
δ3,2,k times
◦ f1 ◦ f1 ◦ . . . ◦ f1︸ ︷︷ ︸
δ3,1,k times
)(2)
...
fn(1) = 2 and fn(k) = k−1+(fn−1 ◦ fn−1 ◦ . . . ◦ fn−1︸ ︷︷ ︸
δn,n−1,k times
◦fn−2 ◦ fn−2 ◦ . . . ◦ fn−2︸ ︷︷ ︸
δn,n−2,k times
◦
. . . ◦ f1 ◦ f1 ◦ . . . ◦ f1︸ ︷︷ ︸
δn,1,k times
)(2)
Then, we have:
1) fi(k) > k for every i and k in N.
2) (fi ◦ fi ◦ . . . ◦ fi︸ ︷︷ ︸
m times
)(k) > (fi ◦ fi ◦ . . . ◦ fi︸ ︷︷ ︸
n times
)(k) for every m > n and k and i
in N.
3) fi(m) > fi(n) for every m > n and i in N.
4) Fixed i and k in N, for every complex fi(k)-dimensional vector space
X and P ∈ P (iX) there exists a k-dimensional subspace H ⊂ X such that
P |H = 0.
Proof. The assertions (1) and (3) are very easy to prove by induction and
the assertion (2) follows from (1). Thus we will prove (4) by induction on i. If
i = 1 the result is clear. Suppose that for i = 1, 2, . . . , n − 1 the result is true
and we will prove that in this case the result is also true for i = n. We prove
for i = n by induction on k.
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If k = 1 we have fn(1) = 2 and the result is clear. Now let X be a fn(k)-
dimensional space and P ∈ P (nX). From the assertion (3) we have that fn(k) >
fn(k − 1) and thus there exists a fn(k − 1)-dimensional subspace M ⊂ X . By
induction there exists a (k− 1)-dimensional subspace H1 = [x1, x2, . . . , xk−1] ⊂
M ⊂ X such that P |H1 = 0. As dimX=fn(k) = k−1+(fn−1 ◦ fn−1 ◦ . . . ◦ fn−1︸ ︷︷ ︸
δn,n−1,k times
◦
fn−2 ◦ fn−2 ◦ . . . ◦ fn−2︸ ︷︷ ︸
δn,n−2,k times
◦. . .◦f1 ◦ f1 ◦ . . . ◦ f1︸ ︷︷ ︸
δn,1,k times
)(2) there exists a subspace N ⊂ X
such thatX = H1⊕N and dimN=(fn−1 ◦ fn−1 ◦ . . . ◦ fn−1︸ ︷︷ ︸
δn,n−1,k times
◦fn−2 ◦ fn−2 ◦ . . . ◦ fn−2︸ ︷︷ ︸
δn,n−2,k times
◦
. . . ◦ f1 ◦ f1 ◦ . . . ◦ f1︸ ︷︷ ︸
δn,1,k times
)(2). Let me prove that there exists a 2-dimensional sub-
space H ⊂ N such that P |H = 0. For this end for each (i1, i2, . . . , ik−1) ∈ N0k−1
such that i1 + . . . + ik−1 = 1 we take the (n − 1) homogeneous polynomial on
N given by
Pi1,i2,...,ik−1(x) = A(x
i1
1 , x
i2
2 , . . . , x
ik−1
k−1 , x
n−1).
Note that we have the polynomials
P1(x) = A(x1, x
n−1), P2(x) = A(x2, x
n−1), . . . , Pk−1(x) = A(xk−1, x
n−1)
As P1 is an (n − 1)-homogeneous polynomial on N , by induction there is a
subspaceN1 ⊂ N with dimN1=(fn−1 ◦ fn−1 ◦ . . . ◦ fn−1︸ ︷︷ ︸
δn,n−1,k−1 times
◦fn−2 ◦ fn−2 ◦ . . . ◦ fn−2︸ ︷︷ ︸
δn,n−2,k times
◦
. . .◦f1 ◦ f1 ◦ . . . ◦ f1︸ ︷︷ ︸
δn,1,k times
)(2) and P1|N1 = 0. As P2 is a (n−1)-homogeneous polyno-
mial onN1, there exists a subspaceN2 ⊂ N1 such that dimN2=(fn−1 ◦ fn−1 ◦ . . . ◦ fn−1︸ ︷︷ ︸
δn,n−1,k−2 times
◦
fn−2 ◦ fn−2 ◦ . . . ◦ fn−2︸ ︷︷ ︸
δn,n−2,k times
◦ . . . ◦ f1 ◦ f1 ◦ . . . ◦ f1︸ ︷︷ ︸
δn,1,k times
)(2) and P2|N2 = 0. Continuing
we obtain a subspace Nk−1 such that Nk−1 ⊂ Nk−2 ⊂ . . . ⊂ N1 ⊂ N and
dimNk−1=fn−2 ◦ fn−2 ◦ . . . ◦ fn−2︸ ︷︷ ︸
δn,n−2,k times
◦. . .◦f1 ◦ f1 ◦ . . . ◦ f1︸ ︷︷ ︸
δn,1,k times
)(2) and Pj |Nk−1 = 0 for
every j = 1, 2, . . . , k−1. Now for each (i1, i2, . . . , ik−1) such that i1+. . .+ik−1 =
2 we take the (n− 2) homogeneous polynomial on Nk−1 given by
Pi1,i2,...,ik−1(x) = A(x
i1
1 , x
i2
2 , . . . , x
ik−1
k−1 , x
n−2).
Now we can use the same argument above for each Pi1,i2,...,ik−1 and get a sub-
space H2 such that H2 ⊂ Nk−1 and dimH2=fn−3 ◦ fn−3 ◦ . . . ◦ fn−3︸ ︷︷ ︸
δn,n−3,k times
◦ . . . ◦
f1 ◦ f1 ◦ . . . ◦ f1︸ ︷︷ ︸
δn,1,k times
)(2) and Pi1,i2,...,ik−1 |H2 = 0 for every i1, i2, . . . , ik−1 such that
i1 + . . .+ ik−1 = 2 or i1 + . . .+ ik−1 = 1. Continuing we obtain a subspace H
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such that H ⊂ N and dimH=2 and Pi1,i2,...,ik−1 |H = 0 for every i1, i2, . . . , ik−1
with i1 + . . . + ik−1 = j with j = 1, 2, . . . , n − 1. Now take y ∈ H such that
y 6= 0 and P (y) = 0. As y ∈ H we have
A(xi11 , . . . , x
ik−1
k−1 , y
j) = 0 for every i1, i2, . . . , ik−1 with i1 + . . .+ ik−1 = n− j
and for every j = 0, 1, . . . , n. So we have
P |H1⊕[y] = 0
.
Remark 22 Note that we can get a sequence as in the theorem [7], taking
f(k) = f1(k) = k + 1 and in that case we have f2(k) = 2k.
Now the following corollary is clear.
Corollary 23 Let (fi) be a sequence as in the theorem [7]. let X be a com-
plex vector space with dimX=(fi1 ◦ fi2 ◦ . . . ◦ fip)(k) and P1 ∈ P (
i1X), P2 ∈
P (i2X), . . . , Pp ∈ P (
ipX). Then there exists a k-dimensional subspace H ⊂ X
such that Pi|H = 0 for every i = 1, 2, . . . , p.
Remark 24 Given a sequence (fi) as in the theorem [7] and P ∈ P (
nX) we
associate the sequence (kj) defined by
k1 = 1
k2=(fn−1 ◦ fn−2 ◦ . . . f1)(2)
k3=(fn−1 ◦ fn−1 ◦ . . . ◦ fn−1︸ ︷︷ ︸
δn,n−1,3 times
◦fn−2 ◦ fn−2 ◦ . . . ◦ fn−2︸ ︷︷ ︸
δn,n−2,3 times
◦. . .◦f1 ◦ f1 ◦ . . . ◦ f1︸ ︷︷ ︸
δn,1,3 times
)(2)
...
kj=(fn−1 ◦ fn−1 ◦ . . . ◦ fn−1︸ ︷︷ ︸
δn,n−1,j times
◦fn−2 ◦ fn−2 ◦ . . . ◦ fn−2︸ ︷︷ ︸
δn,n−2,j times
◦. . .◦f1 ◦ f1 ◦ . . . ◦ f1︸ ︷︷ ︸
δn,1,j times
)(2)
Now it is simple to obtain the analogous to lemma [1] for n-homogeneous
polynomials, that is, it is simple to prove the following result.
Theorem 25 Let X be a complex normed space and P : X → C be a n-
homogeneous polynomial and A be its associated symmetric n-linear form. Let
(fi) be a sequence as in the theorem [7] and (kj) the sequence associated to
a sequence (fi) as in the remark [10]. Then if (ei) is a linearly independent
sequence in X there is a sequence (xj) such that
A(xi1 , xi2 , . . . , xin) = 0 for every i1, i2, . . . , in ∈ N
and
x1 ∈ [e1, e2]
x2 ∈ [e3, e4, . . . , e3+k2−1]
x3 ∈ [e3+k2 , . . . , e3+k2+k3−1]
...
xj ∈ [e3+k2+k3+...+kj−1 , . . . , e3+k2+k3+kj−1] for every j ≥ 2 in N.
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Proof. We obtain (xj) by induction. We start choosing x1 ∈ [e1, e2] such that
P (x1) = 0. Suppose that we have obtained x1, x2, . . . , xj−1 and we will show
how to get xj . Let M be the subspace given by M = [x1, x2, . . . , xj−1] and N
be the subspace given by N = [e3+k2+k3+...+kj−1 , . . . , e3+k2+k3+kj−1]. For each
(i1, i2, . . . , ij−1) ∈ N0j−1 and p ∈ {1, 2, . . . , n − 1} with i1 + . . . + ij−1 = n− p
we take the p-homogeneous polynomial Pi1,...,ij−1 given by
Pi1,...,ij−1(y) = A(x
i1
1 , . . . , x
ij−1
j−1 )
Note that fixed p ∈ {1, 2, . . . , n − 1} we have exactly δn,p,j p-homogeneous
polynomials as above and that N is a kj -dimensional subspace with kj =
fn−1 ◦ fn−1 ◦ . . . ◦ fn−1︸ ︷︷ ︸
δn,n−1,j times
◦fn−2 ◦ fn−2 ◦ . . . ◦ fn−2︸ ︷︷ ︸
δn,n−2,j times
◦. . .◦f1 ◦ f1 ◦ . . . ◦ f1︸ ︷︷ ︸
δn,1,j times
)(2). From
corollary [9] we have a 2-dimensional subspace H ⊂ N such that
Pi1,...,ij−1 |H = 0
for every (i1, i2, . . . , ij−1) ∈ N0j−1 and p ∈ {1, 2, . . . , n−1} with i1+ . . .+ij−1 =
n − p. Now we take xj ∈ H such that xj 6= 0 and P (xj) = 0 and the result
follows.
Now the proofs of theorems [12] and [13] are analogous to the proofs of
theorems [2] and [6] respectively.
Theorem 26 Let X be a normed complex space containing a subspace M iso-
morphic to c0. If P : X → C is a n-homogeneous polynomial, then there is a
subspace MP such that P |MP = 0 and MP is isomorphic to c0.
Theorem 27 Let P : l∞ → C be a n-homogeneous polynomial. Then there is a
subspace H ⊂ l∞ such that P |H = 0 and H is isomorphic to l∞. In particular
H is a non-separable space.
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